Abstract. We determine all genus 2 curves, defined over C, which have simultaneously degree 2 and 3 elliptic subcovers. The locus of such curves has three irreducible 1-dimensional genus zero components in M 2 . For each component we find a rational parametrization and construct the equation of the corresponding genus 2 curve and its elliptic subcovers in terms of the parameterization. Such families of genus 2 curves are determined for the first time. Furthermore, we prove that there are only finitely many genus 2 curves (up to C-isomorphism) defined over Q, which have degree 2 and 3 elliptic subcovers also defined over Q.
Introduction
If there is a degree d covering from a genus 2 curve C to an elliptic curve E then the space L d of such genus 2 curves is an algebraic 2-dimensional locus in M 2 when d ∼ = 1 mod 2. Genus 2 curves with this property have been studied extensively in the XIX century. In the last decade of the XX century there was renewed interests on the topic coming from interests from number theory, cryptography, mathematical physics, solitons, differential equations, etc. These spaces for d = 3, 5 were explicitly computed by this author and his co-authors in [?deg3] and [?deg5] .
Due to some of the interesting properties of such genus 2 curves they have found applications in cryptography, factoring of large numbers, etc. There is always an interest in having genus 2 curves defined over Q with many elliptic subcovers.
In [?Cosset] such genus two curves were used for factorization of large numbers. Although the arithmetic of C is more complicated than on an elliptic curve, the author shows that this is balanced by the fact that each computation on C essentially corresponds to a pair of computations carried out on the two elliptic curves E 1 and E 2 .
In this paper we give a family of genus 2 curves which have 4 elliptic subcovers such that two of them are of degree 2 and the other two of degree 3. We determine such elliptic subcovers and the corresponding covers explicitly. Let p = [C] denote the isomorphism class of a genus 2 curve, over C, such that p ∈ L 2 ∩ L 3 . We denote its degree 2 (resp. 3) elliptic subcovers by E 1 , E 2 (resp. E 3 , E 4 ). Their j-invariants are denoted by j 1 , j 2 , j 3 , j 4 respectively.
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The locus L 2 ∩ L 3 has three irreducible 1-dimensional components in M 2 . Each component is a genus 0 curve and can therefore be parametrized. Using these parametrizations we are able construct 3 rational families of genus 2 curves and determine their 4 elliptic subcovers. Our main result can be summarized as below:
Theorem 1 (Main Theorem). a) The locus L 2 ∩ L 3 of genus 2 curves which have four elliptic subcovers, two of which are degree 2 and two of degree 3, has three irreducible, 1-dimensional, genus zero components in M 2 . b) For all t ∈ C \ {∆ t = 0} there is a genus 2 curve C t where the j-invariants j 1 , j 2 (resp. j 3 , j 4 ) of degree 2 (resp. degree 3) of elliptic subcovers are the roots of the quadratic j 2 + c 1 j + c 0 = 0 (resp. given below):
This family has isomorphic degree 3 elliptic subcover with j-invariants
iii) The equation of C t is y 2 = 4 2 t 2 + 7 t + 2 6 x 3 t 2 (2 + 3 t + 2 t 2 ) 4 + 2 t 2 + 7 t + 2 6 x 2 t 2 (2 + 3 t + 2 t 2 ) 4 + 2 2 t 2 + 7 t + 2 3 x t (2 + 3 t + 2 t 2 )
where ∆ t = t(2t 2 + 7t + 2)(t − 2)(t + 2)(2t − 1)(t + 1)(2 + 3t + 2t
2 ). The j-invariants of elliptic subcovers are as follows, 
is isomorphic, over C, to one of the curves in i), ii), or iii) for some value of t ∈ C \ ∆ t .
The rest of this paper will be proving this theorem. We will use the explicit equation of L 2 and L 3 . The idea of this paper is based on the following result where the explicit equation of L 3 is computed.
Theorem 2 (Shaska 2001). Let K be a genus 2 field and e 3 (K) the number of Aut (K/k)-classes of elliptic subfields of K of degree 3. Then; i) e 3 (K) = 0, 1, 2, or 4 ii) e 3 (K) ≥ 1 if and only if the classical invariants of K satisfy the irreducible equation
The equation of the second part of the theorem is called the L 3 equation throughout this paper. Its singularities were studied in [?beshaj] . The equation of L 2 has been known in different forms since the XIX century. We will use the equation of
We use parametrizations of L 2 by the s-invariants which were introduced in [?sh_2000] and have been used by many authors since. For computations in L 3 we make use of the invariants among two cubics which were introduced in [?deg3] and seem to have been unknown to classical invariant theorists.
After determining the locus L 2 ∩ L 3 in terms of absolute invariants i 1 , i 2 , i 3 of genus 2 curves we parametrize each component of this locus. The constructing the genus 2 curves starting from the moduli point in these loci makes use of the Prop. 1 where the equation of the curve is given in terms of the s 1 , s 2 invariants as in (14) . Such equations, known to the author since 2003, are being published for the first time. For a method of how to determine a minimal equation of genus 2 curves over its field of definition check [?min_eq].
Preliminaries on genus 2 curves with split Jacobians
Curves with split Jacobians have been studied extensively before by many authors. For a survey on the topic and a complete list of references the reader can check [?sh_05] . In this section we briefly set some of the notation and describe some results that we will need in the next section.
2.1. The space L 2 . All our computations in this paper are based on the s-invariants of genus 2 curves with extra involutions. Hence we will define them here and describe some basic results. For details the reader can check [?sh_05].
Let C be a genus 2 curve and z 1 is an elliptic involution of C. Denote by Γ = P GL(2, C). Let z 2 = z 1 z 0 , where z 0 is the hyperelliptic involution. Let E i be the fixed field of z i for i = 1, 2.
We need to determine to what extent the normalization in the above proof determines the coordinate X. The condition z 1 (X) = −X determines the coordinate X up to a coordinate change by some γ ∈ Γ centralizing z 1 . Such γ satisfies
Hence we can assume that the Weierstrass points are {±α 1 , ±α 2 , ±α 3 }. If we denote the symmetric polynomials of α
The additional condition abc = 1 forces 1 = −γ(α 1 ) . . . γ(a 6 ), hence m 6 = 1. Then C is isomorphic to a curve with equation
where 27 − 18ab − a 2 b 2 + 4a 3 + 4b 3 = 0. So X is determined up to a coordinate change by the subgroup H ∼ = D 6 of Γ generated by τ 1 : X → ε 6 X, τ 2 : X → 1 X , where ε 6 is a primitive 6-th root of unity. Let ε 3 := ε 
The mapping
The ordered pair s 1 , s 2 uniquely determines the isomorphism classes of curves in
The fibers of A of cardinality > 1 correspond to those curves C with |Aut (C)| > 4. The rational expressions of s 1 , s 2 can be found in [?sh_02, ?sh_05] 2.2. Elliptic subcovers. Let j 1 and j 2 denote the j-invariants of the elliptic curves E 1 and E 2 . The invariants j 1 and j 2 and are roots of the quadratic
see [?sh_2000] for details.
Theorem 3. Let p = (s 1 ,s 2 ) ∈ L 2 there exists a genus 2 curve Cs 1 ,s2 with equation
where the coefficients are given by t =s 
Proof. 
This completes the proof.
That every genus 2 curve with automorphism group of order > 2 is defined over its field of moduli was proved before by Cardona/Quer and independently by this author in [?sh_02 ]. This expression of the curve in terms of the s-invariants is the first one and it is beneficial because it uses the rational parametrization of the surface L 2 .
We illustrate some of the ideas above with the following example.
Example 1. Let C be a genus 2 curve with equation
Below we display some of the information about this curve from the Maple package "genus 2" written by the author.
Info(C,x);
"The moduli point for this curve is p=(i_1, i_2, i_3) "
[12 8 3981312] "The Automorphism group is isomorphic to the group with GapId" The rational model refereed above is computed using the Eq. (14) . By an appropriate Möbius transformation one can show that it is isomorphic over C with the curve y 2 = 491 x 6 + 2418 x 5 + 5349 x 4 + 6812 x 3 + 5349 x 2 + 2418 x + 491
It can be checked that it has the same i 1 , i 2 , i 3 invariants as the previous curve. In [?min_eq] we can show that we can do better and a more "minimal" equation.
Hence, the equation provided in (14) is not necessary a "minimal" equation of the curve. For a "minimal" equation of genus 2 curves see [?min_eq].
2.3. The space L 3 . In [?deg3] it was shown that every curve C in L 3 can be written as
and the following
are invariants of C under any change of coordinates. The mapping
has degree 2. Instead the invariants of two cubics as defined in [?deg3]
uniquely determine the isomorphism class of curves in L 3 . However, for the curves in L 3 the field of moduli is not necessary a field of definition. One can show that the degree of the obstruction is ≤ 2 as proved below.
Theorem 4. k(r 1 , r 2 ) = k(L 3 ). Moreover, for every p = (r 1 , r 2 ) ∈ L 3 there is a genus two curve C with equation
Proof. We compute absolute invariants i 1 , i 2 , i 3 in terms of u, v. Substituting them in the equation of L 3 we check that they satisfy this equation.
We further discuss L 3 . We let
For 4u − v − 9 = 0 the degree 3 coverings are given by φ 1 (X, Y ) → (U 1 , V 1 ) and
and the elliptic curves have equations:
where c0 = −(9u − 2v − 27)
The above facts can be deduced from Lemma 1 of [?deg3]. The case 4u − v − 9 = 0 is treated separately in [?deg3].
There is an automorphism β ∈ Gal k(u,v)/k(i1,i2,i3) given by
which permutes the j-invariants of E and E ′ . These j invariants are given explicitly in terms of u and v as below:
Remark 1. There are exactly two genus 2 curves (up to isomorphism) with e 3 (K) = 4, see 4.2 in [?deg3]. The case e 3 (K) = 1 (resp., 2) occurs for a 1-dimensional (resp., 2-dimensional) family of genus 2 curves.
The theorem below shows that if we want to search for a family of curves with many elliptic subcovers we have to look at the curves with automorphism group V 4 .
Theorem 5 (Shaska 2003)
. Let C be a genus two curve which has a degree 3 elliptic subcover. Then the automorphism group of C is one of the following: Z 2 , V 4 , D 8 , or D 12 . Moreover, there are exactly six curves C ∈ L 3 with automorphism group D 8 and six curves C ∈ L 3 with automorphism group D 12 .
The list of all curves in L 3 with automorphism group > 4 is given in [?sh_02], where their rational points are determined also.
2.4. Constructing curves from their moduli points. In our computations we will find the intersection L 2 ∩L 3 as a sublocus in M 2 . Hence, we need a constructive way to determine the equation of the curve once we know the moduli point. We summarize all the results in the following.
Proposition 1. The following are true:
i): Let j ∈ Q. Then there exists an elliptic curve E defined over Q such that j(E) = j. Moreover the equation of E is given by a) If j = 0, 1728 then Aut (E) = Z 2 and
ii): The space L 2 is parametrized by the s-invariants (
and Aut (p) ∼ = V 4 . Then there exists a genus 2 curve C defined over Q such that p = [C]. Moreover, its equation is
where the coefficients are given by t = s and the expressions of s 1 and s 2 are given in terms of i 1 , i 2 , i 3 as in [?sh_02].
iii): The space L 3 is parametrized by the r 1 , r 2 -invariants as in
. Let p ∈ L 3 . Then there exists a genus 2 curve C Q such that p = [C] with equation
Proof. The first part is elementary. The proof of the part ii) can be found on [?sh_2000] or [?b-sh] . The equation of the curve C given in Eq.(13) can be verified by computing the absolute invariants of the curve and checking that they verify the equation of L 2 . Since these computations are straight forward we do not display them here. For a rational moduli point p ∈ M 2 (Q), the curve C is defined over Q since s 1 and s 2 are given as rational functions in terms of i 1 , i 2 , i 3 . A constructive proof of ii) and a discussion of a minimal polynomial of C is intended in [?min_eq]. The proof of the third part iii) can be found in [?deg3].
Remark 2. Invariants (s 1 , s 2 ) were also called u, v in [?sh_02]. Later they were generalized in [?g_sh] and used by many authors some of whom have called them Shaska invariants or s-invariants. We will call them s-invariants not to confuse them with u, v for degree 3 covers.
In order to construct genus 2 curves which have degree 2 and degree 3 elliptic subcovers we need to determine the locus L 2 ∩ L 3 . This locus has three components in M 2 , say
We will show computational that each one of these components has genus zero. Parametrizing such components we are able to express the absolute invariants i 1 , i 2 , i 3 in terms of two variables s and t for all points p
Since for every point p ∈ L 2 the field of moduli is a field of definition then there is a curve C with equations given as rational functions of s and t as in Prop. 1, part ii). s 2 ) The challenge here is to check the results of [?b-sh] and [?deg3] in order to see which ones are valid for curves and covers over Q. We know that for any rational point p ∈ L 2 ∩ L 3 the field of moduli is a field of definition. In other words, there is a curve C defined over Q. We can easily check that each component has genus 0. Hence, we can parametrize each component. This parametrization will give the equation of the curve C and its degree 3 elliptic subcovers E and E ′ . Computing such equations in each case will occupy the rest of this paper.
First we settle some notation. For a polynomial F (x) = c n x n + · · · + c 1 + c 0 the coefficient vector we call the vector (c 0 , c 1 , . . . c n ) t . The parametrization methods used in some computational algebra packages as Maple, Mathematica etc might not produce the same results. Indeed, in the third component their parametrizations were extremely long and we were not able to compute the equation of the genus 2 curve with such parametrizations. All our computations can be confirmed by substituting these parametrizations in each locus and verifying that the equation is satisfied.
3.2. First component. We start first with the component of the locus in Eq. (16), namely
This is a genus zero curve which has a parametrization as follows The elliptic subcovers of degree 2 are determined by Eq. (2). The j-invariants of degree 3 elliptic subcovers are obtained by replacing for u and v in Eq. (12).
It is easy now to compute the equation of C, which has equation Y 2 = F (X) where
The coefficients of F (X) are obtained by simply replacing s 1 , s 2 in Eq. (14).
This completes the proof of the Main Theorem, part b), i). The elliptic subcovers of degree 2 are determined by Eq. (2). The j-invariants of degree 3 elliptic subcovers are obtained by replacing for u and v in Eq. (12). Then E and E ′ are isomorphic to each other and that is not very interesting to us, since we are looking for families with as many as possible elliptic subcovers. The j-invariant of such curves are j 1 = j 2 = −1728 (2 t − 5)
The genus 2 curve has equation This completes the proof of the Main Theorem, part b), ii).
3.4. Third component. Next we consider the third component of the locus in Eq. (16). We get a parametrization u = − 2 t 2 + 7 t + 2 2 t 4 + t 3 − 5 t 2 − 2 t − 1 t (2 + 3 t + 2 t 2 ) v = 2 t 2 + 7 t + 2 3 t (2 + 3 t + 2 t 2 ) 2 which can be verified by substituting these expressions for u and v in the corresponding locus. Then s 1 , s 2 in terms of the parameter t are as follows s1 = t 4 + 3 t 3 + 2 t 2 + 6 t + 4 4 t 4 + 9 t 3 + 26 t 2 + 12 t − 8 t 3 (t − 2) (t + 2) The j-invariants of the degree 3 elliptic subcovers are
